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Ahstract
′nlisnoteshowstherelationbetweentwoconditionsaboutpreferencesfor
goods．Thelocalnonsatiationconditionhasbeenusedinstandardtextbooksof
microeconomics．However，thisconcepthasmain1ytwoproblems．Oneisitslack
ofintuitiveappeal，andanotheritstechnicalinsuf丘ciency．Theconditionofquasi－
monotonicitymay be a good substitute forthislocalnonsatiation condition．
QuasLmonotonicitycoincideswithlocalnonsatiationin standard set－up，andit
assurestheappropriateoptimalconsumptionplansforsomenonstandardsehlpS．
1．TheproblemsoflocalnonsatiatioTICOTIditio工I
Thisnoteshowstherelationbetweentwoconditionsaboutpreferencesfor
goods．Thelocalnonsatiationconditionhasbeenusedinstandardtextbooksof
microeconomics．Mehta（1998）suggeststhattheconceptoflocalnonsatiation
wasintroducedinArrowandHahn（1971）．Thisconceptisusedinmoderntext－
bookslikeKreps（1990）orMas－COlell，WhinstonandGreen（1995）．However，this
concepthastwoproblems．Oneisitslackofintuitiveappeal，andanotheritstech－
nicalinsuf五ciency．′nleCOnditionofquasi一mOnOtOnicitymaybeagoodsubstitute
forthelocalnonsatiationcondition．I，aterWewi11showthatquasi一mOnOtOnicityis
equivalentwithlocalnonsatiationinastandardset－up，andthatitassuresthe
appropriateoptimalconsumptionplansforanonstandardset－up．
Let’sseetheprecisede五nitionofthelocalnonsatiationcondition．LetXbea
COnSumptionsetsuchthatX⊂R：，WhereR：denotesn－thdimensionalEuclidean
SpaCe，i．e．，R：＝tx∈Rnlx≧0）．Apreferencerelation≧de五nedonXsatis丘esthe
followingconditions：（1）itisrational，i．e．，COmPleteandtrmsitive．（2）itiscontin－
uous，i．e．，bothb∈Xly≧Ⅹ）andtγ∈XIx≧y）areclosed・＞isde五nedasastrict
preferencerelation：X＞yifx≧yandnot（γ≧x）．
Ddinition．1mepreferencerelation；≧OnXislocal＆nonsatiatiediffor∀x∈Xand
everyg＞0，thereisy∈XsuchthaqIy－X＝≦Eandy＞X・Thenotationllx‖shows
theEuchdean－nOrmOfx，i・e・，l回l＝厨・
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Theconditionoflocalnonsatiationseemstopermitthatthelesserquantities
Ofallconsumptiongoodsmaybemorepreferable，becausetheremayexistsome
y∈Xsuchthatx＞yandlly－Ⅹ＝≦E．juthoughthisimplicationcannotberealized
inthestandardset－up，thisimplicationcanberealizedinothernon－Standardset＿
ups．Thispointmaynotbeeasytograsp．
Beforeexplainingthisproblem，We，dliketoshowoneimportantimplication
Ofthelocalnonsatiationcondition・Leteibetheunitvectorofi－thcoordinate，i．e．，
fイゐ
ei＝（0，・・0，1，0，‥，0）・Define肋ee如〆Xasthesetfx∈Xl∃i∈（1，2，．．，nl，∃α＞0，
X－αeieXl，theboundarydAinXasix∈AI∀e＞0，（y∈X川y－∬‖≦ElqIA）．Itis
CalledthataninteriorpointdAinXifthereexistse＞Osuchthatb∈X用y－
∬‖≦ど）⊆A
乃坤OSitionl．Supposethat≧onXbecompleteandtransitive，andcontinuous．
LetA⊂Xbeacompactset．If≧islocallynonsatiatedinA，then≧hasamaximum
pointofAontheboundaryofAinX
（Proof）Itiswell－kn0wnthat≧hasamaximuminAifitisrationalandcontinuous．
Letx＊beamaximumofAwithrespectto≧．Theconditionoflocalnonsatiation
assuresthateveryinteriorpointxinAcannotbeamaximumbecausethereexists
anotherpointythatisstrictlypreferredto∬．Thus，amaXimumx＊islocatedonthe
boundaryofAinX Hence，≧hasamaximumofAontheboundaryofAinX
Usingthepropositionl，thefo110wingproposition2canbederived．
Letp∈P＝（♪lO＜P＜＋∞），andw∈（0＜uJ＜＋∞L Here，Pcanbeseenasthe
SetOfpricesandwisthewealthortheincomeofadecision－maker．
hppositionZLetX＝R：，andPp，W＝tx∈XIP∬≦W，P∈P，W∈（0＜W＜＋∞日．Sup－
posethat≧onXbecompleteandtransitive，andcontinuous・If≧islocally
nonsatiatedonX，then≧hasamaximumx＊inPp，。SuChthat〆＝W．
（Proof）Byusingthepropositionl，anymakimuminPp，Wliesontheboundaryof
昂：winXItistheset（x－∈ⅩlPx＝W）．－－－－　－
Wecanthinkthatthesourceofthepowerofthelocalnonsatiationcondition
istheresultthatisshowninthepropositionl，butitisnoteasytounderstand
h’OmtheappearanCeOfthelocalnonsatiationconditionat丘rstsight．
An0therproblemisitsinsuf五ciencyfortheassuranceofappropriateoptimal
COnSumptionplans・Theconditionoflocalnonsatiationassuresthatoptimalcon－
Sumptionplansonthebudgetlineinthestandardset－upthatisshowninthe
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proposition2．However，itisnotsuf五cienttoassuretheresultinthefollowlngSet－
up．
hpPosition3．Supposethat≧onXbecompleteandtransitive，COntinuous，and
locallynonsatiated．LetYbeY＝tx∈R：lx≧甚＞0）・Ifx＊beanalternativesuchthat
X＊≧xforanyxin馬，W＝tx∈YI如≦W，P∈者W∈〈0＜W＜＋∞日，then，〆＝WOr］i，
∬J＝豹．
Proof）Notethatif］i，Xi＝gi，i．e．，SOmei－thelementsofxis勘，thenxbelongsto
theboundaryOfYinX二Bythepropositionl，≧hasamaximumpointx＊inPp，W
suchthatx＊belongstotheboundaryofPpルi・e・，〆＝WOr∃i，X‡＝＆i・
Here，甚Canbeconsideredasaminimumconsumptionbundle．
2．Quasi－mOnOtOmicitythatisbetterthaIllocalr10rISatiatio工I
Usually，thelocalnonsatiationconditionisusedasasubstituteforthemonot－
Onicityconditionifitisneeded．
Dがnition．Thepre簸rencerelation≧onXisstrongb，mOnOtOneiftherearex，y∈X
SuChthaty≧xandy≠X，theny＞X．
Thisconditionisquitemeaningfu1，becauseithasatestableimplication．Ifa
decision－maker，Whofollowsthiscondition，COnfrontthetwoalternativesxandy
suchthatthaty≧xandy≠X，thenywi11bechosenbythedecision－maker．How－
eveI；thisimplicationmaybetoostrongbecausewecanimaginethecaseinwhich
wewanttohave3TVsetsbutwedon’twanttOhave4TVsets．′mtreatthissitu－
ation，We need some conditionlikelocalnonsatiation．One candidateisthe
followingquasi－mOnOtOnicitycondition．
DePnition．Thepreferencerelation≧onXisquasi－mOnOtOneif軌∈X，thereexist
someI⊂（1，2，‥，n）suchthaty∈Xand∀i∈I，yi＞Xiand∀i∈〈1，2，．．，n）＼I，y，＝ろ，
andブートガ．
Thedifferencebetweenstrongmonotonicityandquasi一mOnOtOnicibristhe
following：forallx，y∈Xsuchthaty≧xandy≠X，yisstrictlypreferredtoxifthe
StrOngmOnOtOnicityconditionholds．Butforsomex，y∈Xsuchthaty≧xand
y≠X，ymaynOtbestrictlypreferredtoxifthequasi－mOnOtOnicityconditionholds．
Quasi一mOnOtOnicityonlyrequiresthatthereexistsomey∈Xsuchthaty≧x，y≠X
andプトガ．
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Inotherwords，themeaningofquasi－mOnOtOnicityisthefollowing．There
Stillexistsomeextragoodsorservicesthatthedecision一makerwantstoconsume．
AIso，itdoesn，tcontradictwiththeexistenceofsomeothergoodsthatdon，twant
toconsumemorethanSOmelevelofthesegoods．
Apparently，the quasi－mOnOtOniciyconditionmeansthelocalnonsatiation
COndition・Thus，itmayseemthatquasi－mOnOtOniciyisratherstrongerthanlocal
nonsatiation・However，ifX＝R：andsomeadditionalconditionshold，thesetwo
COnditionsareequivalent．
Tbshowthisresult，thefollowingstrongconvexityconditionwillbeused．Let
U的be【／㈲＝抄∈gIプ≧れ
De血ition・≧onXiscalledstro喝かconvexify＞Xandz≧x，thenforα∈（0，1）
の′＋（1－めgトガ．
Lemmal・Supposethat≧onXbecompleteandtransitive，StrOnglyconvexand
COntinuous・If≧onXbelocal1ynonsatiated，thenUO）mustbeunbounded．
（Proof）Becauseofcontinuity，UO）isclosed．Then，ifUO）isbounded，thenitis
COmpaCt，i・e・，Closedandbounded・′merefore，≧onXhasamaximuminUb）．Let
I軸beZO）＝bT∈R：Jy～Xl．ThenanypointinI的cannotbeamaximumbecause
OfthedehitionUO）andthelocalnonsatiationcondition．Thatis，thereexists
SOmeZ∈U的suchthatz＞yforanyy∈I的bythelocalnonsatiationcondition．
Bythepropositionl，anyinteriorpointofU的oranypointintheedgesofUWis
notamaximum・ItmeansthatanypOintinUh）isnotamaximum，aCOntradic－
tion．HenceU仕）mustbeunbounded．
鋤osition4・Supposethat≧onXbecompleteandtranSitive，StrOnglyconvex
andcontinuous・LetX＝RI・Thelocalnonsatiationconditionholdsifandonlyif
thequasi－mOnOtOnicityconditionholds．
（Proof）Itistrivialthatthequasi一mOnOtOnicityconditionmeansthelocalnonsatia＿
tioncondition・uluS，Wewillshowtheconverseonly．Supposethatforanyx∈凰
UWnb，∈R：Iy≧xandy≠Xl＝Q）・LetUh）beUの＝b∈Xly≧xl．Bythelemma
l，U的mustbeunbounded．Thusifx＊∈UO），thenthereexistsx＊＊∈UWsuchthat
］i∈（1，2，・・，n），X；＊＞X‡・Letzbez∈b∈R：lVi≠i，ろ＝yiandyi＞Xil．Then，bythe
SuppOSition，X＞Z・AnypointZ，thatissufEcientlynearzisnotpreferredtox，i．e．，
X＞Z′・HoweveちeVerypOintK’＝（αX＊＊＋（トα）x＊）forO＜α＜1ispreferredtoxby
thestrongconvexitycondition・Ifwechooseappropriateαandx＊＊，WeCantakex，
thatissufficientlyclosetoz’・Itisacontradiction．ulen，foranyX∈X，U切n
Jβ
b，∈R：b，≧xandy≠X）≠Q）・Thismeansthequasi一mOnOtOnicitycondition．
Thequasi－mOnOtOnicityconditionassuresthatmaximalconsumptionplanS
areOnthebudgetlineinthefo1lowlngCaSe．Inthatcase，thenonsatiationcondi－
tiondoesn’tassurethispropertythatwasalreadyshowedintheproposition3．
乃坤OSition5．Supposethat≧onXbecompleteandtransitive，COntinuous，and
quasi－mOnOtOne．LetXbeX＝fx∈R：lx≧茎＞0LIfx＊beanalternativesuchthat
X＊≧xforanyxinPp，W＝tx∈Xl如≦W），then〆＝W．
（Proof）Letybeanypointin†x∈Xl如くWl，thereexistが∈馬，紺andx＊＞ybecause
Ofquasi－mOnOtOnicity．Then，如＊＝W．
Quasi一mOnOtOnicityisequivalentwithlocalnonsatiationinthestandardset－
ting，andithasagoodimplicationthatlocalnonsatiationdoesn’thaveinsome
nonstandardsetting．「nlerefore，WeCanCOnCludethatquasi－mOnOtOnicityisa
Candidateforsubstitutinglocal1ynonsatiation．
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